ABSTRACT. We investigate the relationship between conformal and spin structure on lorentzian manifolds and see how their compatibility influences the formulation of rigid supersymmetric field theories. In dimensions three, four, six and ten, we show that if the Dirac current associated with a generic spinor defines a null conformal Killing vector then the spinor must obey a twistor equation with respect to a certain connection with torsion. Of the theories we consider, those with classical superconformal symmetry in Minkowski space can be reformulated as rigid supersymmetric theories on any lorentzian manifold admitting twistor spinors. In dimensions six and ten, we also describe rigid supersymmetric gauge theories on bosonic minimally supersymmetric supergravity backgrounds.
INTRODUCTION
Supersymmetry continues to provide a powerful framework for the precise understanding of many important structures in quantum field theory. Given a field theory with rigid supersymmetry in flat space, it is often possible to couple it to supergravity in such a way that it retains local supersymmetry in curved space. It is well-known that supersymmetric couplings of this kind can be induced holographically in a superconformal field theory in Minkowski space that is dual to a string theory in an asymptotically anti-de Sitter background. A goal which has attracted an increasing amount of attention in the recent literature is the characterisation of rigid supersymmetry for field theories in curved space [1] [2] [3] [4] [5] [6] [7] . This is a natural question which has been addressed in several isolated cases some time ago (e.g. see [8, 9] and references therein).
Recent interest in this topic stems primarily from the impressive results obtained by Pestun in [10] for Wilson loops in maximally supersymmetric Yang-Mills theory on S 4 . The calculation was accomplished by using a rigid supersymmetry of the theory on S 4 to localise the path integral and reduce it to an exactly solvable matrix model. A key ingredient is the contribution from non-minimal curvature couplings that are required to realise rigid supersymmetry on S 4 . The scalar curvature plays the rôle of an infrared regulator in correlation functions. This localisation technique has since been replicated in several other contexts to yield many more important exact results. For example, in [11, 12] it was applied to superconformal ChernSimons theories on S 3 , heralding many breakthroughs in our understanding of M2-branes. More recently, it has also been used in the context of rigid supersymmetric gauge theories on S 5 [13] [14] [15] [16] to confirm a number of expected properties for M5-branes [17, 18] .
The broad scope for potential applications of this localisation technique in a wider class of rigid supersymmetric field theories in curved space has motivated a more systematic review of their construction. The strategy advocated by Festuccia and Seiberg in [1] has led the way.
In four dimensions, they described how a large class of rigid supersymmetric non-linear σ-models in curved space can be obtained by taking a decoupling limit (in which the Planck mass goes to infinity) of the corresponding locally supersymmetric theory coupled to minimal supergravity. In this limit, the gravity supermultiplet is effectively frozen out, leaving only the fixed bosonic supergravity fields as data encoding the geometry of the supersymmetric curved background. Following this paradigm, several other works [2] [3] [4] [5] [6] [7] have explored the structure of rigid supersymmetry for field theories in three and four dimensions on curved manifolds in both euclidean and lorentzian signature. Since the localisation technique described above is most straightforwardly applied on compact manifolds, the natural focus of much of this work has been on the riemannian case though the lorentzian case, which is more suited to holographic applications, is also treated specifically in [1, 2, 6, 7] .
For a supersymmetric field theory in four-dimensional Minkowski space, there is a well-defined recipe [19] for analytically continuing to euclidean signature in the path integral. For supermultiplets involving Majorana fermions in lorentzian signature, at the classical level, the naive Wick rotation to euclidean signature is compatible only with a complexified form of the original supersymmetry algebra, effectively doubling the number of fermionic degrees of freedom. The balance can be restored classically by performing another Wick rotation with respect to the Rsymmetry to recover a different real form of the original superalgebra in euclidean signature. Alternatively, as in [19] , one can restore the balance at the quantum level by summing over only a chiral projection of the complexified fermions in the path integral. For rigid supersymmetric field theories in curved space though, the relationship between lorentzian and euclidean signature is typically less transparent and some critical distinctions in four dimensions were clarified in [6, 7] .
The aim of this paper is to investigate the relationship between conformal and spin structure on lorentzian manifolds, and how their compatibility influences the formulation of rigid supersymmetric field theories. To this end, we will focus on some well-known minimal supermultiplets in spacetime dimensions three, four, six and ten. On a curved lorentzian spin manifold, a field theory with a rigid symmetry generated by at least one spinor supercharge will be referred to as being minimally supersymmetric. This should be contrasted with the situation in Minkowski space where minimal supersymmetry means that the number of linearly independent supercharges equals the dimension of the spinor representation to which the supercharges belong. In dimensions three and four, we shall recover no more than what is already known in the literature. At least by way of review, this should help contextualise some of the new results we obtain in dimensions six and ten within a more general framework. If a field theory on a lorentzian spin manifold M has a rigid supersymmetry generated by a spinor and its associated Dirac current ξ generates a null conformal isometry of M that is compatible with the spin structure, we will see that must obey a twistor spinor equation with respect to a certain connection with torsion, whose form is dictated by the isotropy group of . We will investigate the integrability conditions resulting from this twistor spinor equation and identify maximally supersymmetric solutions in dimensions three, four and six. For theories with classical superconformal symmetry in Minkowski space, we show how their conformal coupling on a lorentzian spin manifold gives a rigid minimally supersymmetric field theory provided the supersymmetry parameter is a twistor spinor. In dimensions six and ten, we also describe the formulation of rigid minimally supersymmetric Yang-Mills theory on bosonic supersymmetric backgrounds of the corresponding minimal Poincaré supergravity theories.
For the most part, the rigid supersymmetry we describe in dimensions three, four, six and ten is very much predicated on the special properties of spinors in lorentzian signature. It is possible that some of these results could be transplanted into euclidean signature though we will not investigate that possibility here. In conformity with much of the existing literature, we shall ignore total derivative terms which arise from varying lagrangians. A systematic treatment of consistent supersymmetric boundary conditions for field theories on the class of lorentzian spin manifolds of interest is well beyond the scope of the present work. It is also perhaps worth emphasising that our analysis will be entirely classical. In dimensions greater than four, the supersymmetric field theories we consider are of course not expected to be perturbatively renormalisable and should only be thought of as the low-energy effective description in cases which admit a consistent ultraviolet completion.
The organisation of this paper is as follows. In section 2 we describe conventions and review some useful properties and identities for Clifford algebras and spinor representations in lorentzian signature. Section 3 contains a brief review of twistor spinors on lorentzian manifolds, focussing on pertinent classification results together with several special cases and generalisations that will be used in later sections. Section 4 describes our field theory conventions and illustrates the relationship between rigid supersymmetry and conformal coupling using the simple example of a free scalar supermultiplet. We then proceed to apply these ideas in the construction of rigid minimally supersymmetric field theories in dimensions three, four, six and ten. Section 5 describes the construction of off-shell gauge and matter supermultiplets on lorentzian three-manifolds admitting a twistor spinor (or a Killing spinor in the case of the supersymmetric Yang-Mills lagrangian). Section 6 does likewise for off-shell Yang-Mills and matter supermultiplets on lorentzian four-manifolds admitting a twistor spinor. In this case, if the Dirac current associated with the supersymmetry parameter generates a conformal isometry of the four-manifold then the supersymmetry parameter must obey a twistor spinor equation with respect to the same superconnection derived from minimal conformal supergravity in four dimensions (a result which was first obtained in [6] ). In section 7, we construct off-shell Yang-Mills and on-shell matter and tensor supermultiplet couplings on lorentzian six-manifolds admitting a twistor spinor. We also describe how to accommodate a supersymmetric Yang-Mills lagrangian for a special type of algebraic twistor spinor in six dimensions. Furthermore, we construct non-minimal couplings which define the off-shell Yang-Mills supermultiplet on any bosonic supersymmetric background of minimal Poincaré supergravity in six dimensions. In section 8, we construct the on-shell Yang-Mills supermultiplet on any bosonic supersymmetric background of minimal Poincaré supergravity in ten dimensions. We also comment on the obstructions to formulating Berkovits' (partially) off-shell version of this theory on a ten-dimensional lorentzian spin manifold when the rigid supersymmetry is generated by generic twistor spinors. Sections 7.1.1 and 8.1.1 contain a brief synopsis of the classification of bosonic supersymmetric solutions of minimal Poincaré supergravity in dimensions six and ten. Finally, in section 8.1.2, we conclude with a brief summary of how the aforementioned rigid minimally supersymmetric Yang-Mills multiplet in ten dimensions follows from a particular decoupling limit of the locally supersymmetric Chapline-Manton theory.
CLIFFORD ALGEBRA AND SPINOR CONVENTIONS ON LORENTZIAN MANIFOLDS
We take Minkowski space R 1,d−1 to be equipped with mostly plus signature flat metric η µν = diag(−1, +1, ..., +1) and orientation tensor ε 01.
It is worth noting the identity ε µ 1 
, where indices are raised using the inverse metric η µν .
The Clifford algebra C (1, d − 1) contains elements Γ µ that are subject to the defining relation
A convenient basis for the Clifford algebra is given in terms of elements
, where square brackets denote skewsymmetrisation with weight one. Let us
Henceforth, it will be convenient to work with the 2 d -dimensional irreducible representation of C (1, d − 1), wherein Γ µ correspond to gamma matrices.
Some useful identities are
Obvious skewsymmetrisation of indices on the right hand side in (1) has been omitted and it is the sign function
with σ 1 = σ 2 = −1, σ 3 = σ 4 = +1 and σ m = σ m+4 that appears on the right hand side of the last expression in (1) . The lorentz subalgebra so(
Involutions of the Clifford algebra are generated by Γ µ → σ X X Γ µ X −1 , where σ X is a sign and X ∈ GL(2 d ) in the gamma matrix representation. Let us fix a basis in this representation such that the gamma matrices are unitary, i.e. Γ † 
The complexified action of so( theory on M that we will refer to as being minimally coupled.
At a point in M , let H denote the stabilising lie subgroup of Spin(1, d − 1) transformations which preserve a given non-vanishing spinor . Let h < so(1,d − 1) denote the corresponding isotropy lie algebra of at that point. Now assume that defines a nowhere-vanishing section of the spinor bundle on M , which has the same stabiliser H at each point in M . This defines a so-called G-structure on M , with G = H . It allows one to reduce the structure group of the frame bundle on M from Spin(1, d − 1) to H . There is a homogenous space Spin(1, d − 1) / H of possible reductions. For a given reduction, it can be shown that there must exist a connection ∇ on the reduced spinor bundle with respect to which is parallel. Furthermore, the difference between the action of ∇ and ∇ on is given by an algebraic element, the intrinsic torsion τ ∈ T * M ⊗k , where k ∼ = so(1,d−1)/h . See [20] for a pedagogical introduction to this construction and related concepts. We shall make use of these results in our subsequent analysis.
TWISTOR SPINORS ON LORENTZIAN MANIFOLDS
A spinor on M is called a conformal Killing (or twistor) spinor if it obeys
The Dirac current ξ of a twistor spinor defines a conformal Killing vector, obeying
We defer to [21, 22] and references therein for a comprehensive introduction to twistor spinors on lorentzian manifolds. In Minkowski space, a twistor spinor is necessarily of the 
where [23, 24] and the cone construction of [24] has been utilised for lorentzian manifolds admitting Killing spinors in [25, 26] .
A spinor that is parallel with respect to ∇, i.e. ∇ µ = 0, is a special type of Killing spinor (with Killing constant equal to zero). By definition, a chiral Killing spinor is necessarily parallel. In Minkowski space, a Killing spinor is necessarily ∂-parallel, whence constant. Lorentzian manifolds admitting parallel spinors can be classified according to the holonomy of ∇. This method was pioneered in [27, 28] and a recent survey of the classification can be found in [29] .
The classification in d ≥ 3 of all local conformal equivalence classes of lorentzian spin manifolds admitting generic twistor spinors without zeros was established by Leitner in [30] (see also [31] for a nice review). There are five different classes, all of which admit global solutions, with M being locally conformally equivalent to either 1) The product of R 1,1 with a riemannian manifold admitting parallel spinors.
2) A lorentzian Einstein-Sasaki manifold.
3) The product of a lorentzian Einstein-Sasaki manifold with a riemannian manifold admitting Killing spinors.
4) A Fefferman space.
5) A Brinkmann wave admitting parallel spinors.
In cases (1) and (5), each twistor spinor is parallel and the associated Dirac current is respectively timelike and null. In case (2) , each twistor spinor is the sum of two Killing spinors and the associated Dirac current is timelike. In case (4), the Fefferman space is even-dimensional and admits two linearly independent twistor spinors. There can of course be further algebraic constraints on the supersymmetry parameter from setting to zero the supersymmetry variations of any lower spin fermionic supergravity fields, e.g. the dilatino. As was pioneered in [1] for non-linear σ-models in d = 4, an effective strategy for finding rigid supersymmetric field theories on curved spaces is by taking a certain global limit (where the Planck mass goes to infinity) of a locally supersymmetric field theory coupled to supergravity. Indeed, one can follow a similar path for field theories coupled to conformal supergravity. In that case, setting to zero the combined Poincaré and conformal supersymmetry variation of the gravitino gives a twistor spinor equation
specified by the fields appearing in the particular conformal supergravity background in question. For example, in d = 4, the minimal off-shell conformal supergravity theory contains a real abelian one-form a µ and N µ is proportional to ia µ Γ in the associated conformal supergravity background.
Of course, for a given nowhere-vanishing spinor with global isotropy group H , it is always possible to use the H -structure to adapt a local basis such that ∇ µ = τ µ , in terms of the intrinsic torsion τ ∈ T * M ⊗ k . Indeed, it is precisely the local identification of the action of τ µ and M µ on for bosonic supersymmetric supergravity backgrounds which often allows them to be classified. In our forthcoming analysis, we will employ a similar strategy to derive a twistor spinor equation in d = 3, 4, 6, 10 for a rigid supersymmetry parameter involving a certain connection with torsion on the spinor bundle, assuming only that its associated Dirac current ξ defines a null conformal Killing vector. In each case, the isotropy algebra h ∼ = g R d−2 , where g < so(d − 2) is the isotropy algebra of a non-zero spinor in R d−2 . In d = 3, 4, g is trivial.
In d = 6, g is isomorphic to su(2) < so(4). In d = 10, g is isomorphic to so(7) < so(8). We will see that the associated connection D µ = ∇ µ + t µ with respect to which obeys a twistor spinor equation must have a rather specific kind of torsion
RIGID SUPERSYMMETRY AND CONFORMAL COUPLING
It will be convenient to the take the supersymmetry parameter to be a commuting spinor in our forthcoming analysis. A supersymmetry transformation δ will therefore act as an odd derivation on fields in the supermultiplet. In a rigid supersymmetric field theory on M , off-shell closure of the supersymmetry algebra means that δ 2 must act as an even derivation on fields in the supermultiplet which generates a symmetry of the theory. (On-shell closure means that the previous statement holds only up to equations of motion.) 1 We will see that this even symmetry generically involves several contributions including a diffeomorphism which preserves the spin structure, an R-symmetry and a gauge transformation on M . It may also include a Weyl transformation if the supersymmetry transformations for the theory are Weyl-covariant. 1 It is perhaps worth spelling out precisely how the conventional supersymmetry algebra is recovered from this approach. Take = κˆ , with κ some constant fermionic scalar parameter multiplying fermionic spinorˆ . Given any pair of commuting spinor parameters 1 and 2 for which the supersymmetry algebra closes, it must also close for any linear combination of 1 and 2 . Closure of the polarisation δ
is therefore guaranteed for the commutator of the associated conventional supersymmetry transformations δˆ 1 and δˆ 2 , which act as even derivations on fields in the supermultiplet. Let φ be a matter field valued in some representation V of g. In terms of the action · of g
The action of g on itself is defined by the adjoint representation so that 
On M , it is conventional to assign e α µ weight 1, whence g µν has weight 2 and Γ µ has weight 1. It is useful to note that
under a Weyl transformation on M , when acting on spinors. An immediate corollary of the second transformation above is that the defining equation for a twistor spinor is Weylinvariant provided is assigned weight Minkowski space) such that Weyl-invariance is realised on M . In cases where this is possible, we will refer to the resulting Weyl-invariant theory on M as being conformally coupled.
The simplest well-known example of a non-trivial conformal coupling is for a free bosonic scalar field Φ on R 1,d−1 , with lagrangian proportional to 〈∂ µ Φ, ∂ µ Φ〉. In this case,
the integral of the minimally coupled lagrangian on M is not Weyl-invariant with weight
The conformally coupled lagrangian on M is proportional to
where R is the scalar curvature of M .
Now consider the conformal coupling of an on-shell non-interacting minimally supersymmetric matter multiplet on R 1,d−1 in which the bosonic scalar Φ is paired with a fermionic spinor Ψ. Their free equations of motion are Φ = 0 and / ∂Ψ = 0. Schematically, the on-shell supersymmetry transformations on R 1,d−1 are of the form
where the bosonic supersymmetry parameter is of the same spinorial type as Ψ and = (B ) * . These transformations close provided δ 2 = ξ µ ∂ µ on-shell, with real translation parameter ξ µ = Γ µ . This requires the identity = (4), it follows that this term is also conformally coupled. However, the minimally coupled supersymmetry transformations (6) are not Weyl-covariant. This can be remedied by improving the fermion variation such that
Of course, adding this improvement term does not guarantee closure of the supersymmetry algebra on M and the conformally coupled lagrangian need not be supersymmetric. Remarkably though, one finds that both properties hold on any M provided is a twistor spinor. On-shell closure of the supersymmetry algebra here is such that δ It is worth noting that the description above can be generalised such that is taken to be a section of the tensor product bundle of A-valued spinors over M . One can define a non-trivial connection on this bundle of the form D µ = ∇ µ + A µ , where the connection one-form A µ is Avalued and acts via left multiplication on sections. One must define this connection projectively in order for it to be compatible with Weyl symmetry. The corresponding projective bundle in d = 3, 4, 6 is then identified with a Hopf fibration associated with the respective division algebra R, C, H. This allows one to define the rigid supermultiplet on a wider class of backgrounds with supersymmetry parameter obeying the twistor spinor equation
Although this example may appear relatively trivial, we will see that it is a useful illustration of the general strategy for putting an interacting superconformal field theory in Minkowski space on a curved lorentzian manifold admitting twistor spinors, to define a rigid minimally supersymmetric theory via improvement terms of the form (5) and (7).
Without the inclusion of additional compensator fields, a supersymmetric field theory that is not conformally invariant in Minkowski space clearly cannot be put on a lorentzian spin manifold whilst preserving the rigid supersymmetry associated with a generic twistor spinor parameter. If this were so then, in Minkowski space, the generic twistor spinor parameter would generate a superconformal symmetry, contradicting the original assumption. Supersymmetric Yang-Mills theory in d = 4 is an obvious example. However, in d = 3, 6, although the minimally supersymmetric Yang-Mills lagrangian is not scale-invariant in Minkowski space, the off-shell supersymmetry transformations are. We will see how these off-shell supersymmetry transformations can be made Weyl-covariant on M , via the conformal coupling procedure described above, and that they close off-shell to describe a rigid supersymmetry algebra provided the parameter is a twistor spinor. Of course, as predicted by the argument above, these supersymmetry transformations do not preserve the minimally coupled Yang-Mills lagrangian for generic twistor spinor parameter. For certain classes of algebraic twistor spinors though, we will show that special improvement terms can be added to the Yang-Mills lagrangian to make it supersymmetric. We will see how a certain scalar component in the twistor spinor equation plays the rôle of a conformal compensator in the Yang-Mills lagrangian.
The clifford algebra C (1, 2) ∼ = Mat 2 (R) ⊕ Mat 2 (R) and its action on R 2 ⊕ R 2 defines the Dirac spinor representation. A Majorana spinor representation is defined by selecting one of the two Mat 2 (R) factors acting on R 2 . For concreteness, we could take
with ε 012 = 1.
Since C t = −C and Γ t µ = −CΓ µ C −1 , any two fermionic Majorana spinors ψ and χ obey
(For either ψ or χ bosonic, one just puts an overall minus sign in (9).)
For ψ and χ fermionic, a useful Fierz identity is
(For either ψ or χ bosonic, (10) just acquires an extra minus sign.)
For any non-zero bosonic Majorana spinor , (9) implies that only the Dirac current bilinear ξ µ = Γ µ does not vanish identically. The Fierz identity (10) for reads
and a useful subsidiary identity is
The isotropy algebra h of is isomorphic to R < so(1,2), thus k ∼ = R 2 . Relative to a null orthonormal basis (e + , e − , e 1 ) on R 1,2 , with η +− = 1 = η 11 , let us fix ξ = e + so that Γ + = 0 and
Adapting this basis to a local frame on M allows us to express
in terms of a pair of real one-forms a and b which comprise the intrinsic torsion associated with the R-structure. Demanding that ξ be a conformal Killing vector fixes a + = −2b − , a − = 0 = b + and a 1 = b − . Consequently, (13) 
The supersymmetry transformations on R 1,2 are
where is a constant bosonic Majorana spinor. Squaring (14) gives δ 2 = ξ µ ∂ µ + δ Λ identically with gauge parameter Λ = −ξ µ A µ and thus the supersymmetry algebra closes off-shell.
Up to boundary terms on R 1,2 , the Yang-Mills
and Chern-Simons
lagrangians are both invariant under (14) . Clearly the integral of L CS is scale-invariant while the integral of L SYM is not.
Let us now consider the minimally coupled version of (14) on a three-dimensional lorentzian spin manifold M . Notice that they are automatically Weyl-covariant on M . Squaring them
where 
The prefactor e −2 ϕ in (18) plays the rôle of a conformal compensator while α couples to a mass term for the gaugino. Note that one can use a Weyl transformation to fix ϕ = 0. In this case is a Killing spinor obeying ∇ µ = αΓ µ .
Matter supermultiplet.
The minimal on-shell matter supermultiplet on R 1,2 contains a real bosonic scalar φ and and a fermionic Majorana spinor ψ. To match the 2 off-shell fermionic degrees of freedom of ψ, the 1 off-shell bosonic degree of freedom of φ can be supplemented by a real bosonic auxiliary scalar C. All fields are valued in a real orthogonal representation V of g. The g-invariant inner product 〈−, −〉 is a real symmetric R-bilinear form on V .
The supersymmetry transformations for the matter supermultiplet coupled to the minimal gauge supermultiplet on R 1,2 are
where is a constant bosonic Majorana spinor. Squaring (19) gives
Up to boundary terms on R 1,2 , the matter
and superpotential
lagrangians are both invariant under (19) , where the superpotential W can be any real ginvariant function on V . The matter lagrangian L M is scale-invariant with (φ, ψ, C) having dimensions ( The conformal coupling of (19) and (20) on M follows via the improvement terms described in (7) and (5). Relative to their minimal coupling on M , this involves adding a term The integral of the minimally coupled superpotential lagrangian L W on M is, of course, only Weyl-invariant when W is a quartic function. Indeed, it is only then that it is supersymmetric.
The clifford algebra C (1, 3) ∼ = Mat 4 (R) and its action on R 4 defines the Majorana spinor representation. The action of the complexified clifford algebra C (1, 3) C on C 4 defines the Dirac spinor representation. The ±1 eigenspaces of Γ under the action of C (3, 1) C are isomorphic to C 2 and define the ± chirality Weyl spinor representations. The action of a subalgebra Mat 2 (C) < Mat 4 (R) on C 2 which commutes with the complex structure iΓ defines the representation associated with the chiral projection of a Majorana spinor.
The identities in (1) imply
and
where ε 0123 = −1 and
The charge conjugation matrix obeys (CΓ µ 1 ...
and a useful Fierz identity is
(For either ψ or χ bosonic, (24) and (25) just acquire an extra minus sign.)
Any two chiral projections ψ ± and χ ± (with the same ± chirality) obey
for any k odd, since P ± χ = χ P ± and P ± Γ µ = Γ µ P ∓ . Moreover, note that (23) implies the complex two-form
The chiral projections of (25) give
This implies ψ ± ψ ± = − 1 2 (ψ ± ψ ± )P ± and ψ ± ψ ∓ = 0, using (24) .
For any non-zero bosonic Majorana spinor , (24) implies that only the bilinears ξ µ = Γ µ and ζ µν = Γ µν built from do not vanish identically. The Fierz identity (25) for reads
The isotropy algebra h of is isomorphic to R 2 < so(1,3), thus k ∼ = R 4 . Relative to a null orthonormal basis (e + , e − , e 1 , e 2 ) on R 1,3 , with η +− = 1 = η 11 = η 22 , let us fix ξ = e + so that Γ + = 0. Adapting this basis to a local frame on M allows us to express
in terms of a pair of complex one-forms α and β which comprise the intrinsic torsion associated with the R 2 -structure. The expression for the negative chirality projection of is related to ( Remarkably, it is precisely the same superconnection that appears in minimal conformal supergravity in four dimensions! This nice characterisation was first observed and explained in [6] . The supersymmetry transformations on R 1,3 are
Integrability of the twistor spinor equation
where is a constant bosonic Majorana spinor. Squaring (32) gives δ 2 = ξ µ ∂ µ + δ Λ identically with gauge parameter Λ = −ξ µ A µ and therefore the supersymmetry algebra closes off-shell.
Up to boundary terms, the Yang-Mills lagrangian
is invariant under (32) . This lagrangian is also scale-invariant, with (A µ , λ, D) having dimensions (1,   3 2 , 2). There is also a u(1) R-symmetry, under which (A µ , λ ± , D) have charges (0, ±1, 0).
We now consider the minimally coupled version of (32) on a four-dimensional lorentzian spin manifold M . Notice that they are automatically Weyl-covariant on M . Squaring them gives
The third term on the right hand side of δ 2 D corresponds to a Weyl variation δ σ with parameter σ = − 
They are solved if is a twistor spinor. In that case, the integral of the minimal coupling of (33) on M is Weyl-invariant and supersymmetric.
If is a twistor spinor with respect to the connection D µ = ∇ µ + ia µ Γ, the same picture emerges after gauging the u(1) R-symmetry. This means that a local R-symmetry variation δ ρ Φ = rρ Φ is accompanied by the variation δ ρ a µ = i∂ µ ρ. Therefore D µ Φ = ∇ µ Φ + ira µ Φ transforms covariantly under δ ρ . The R-symmetry gauging is tantamount to replacing ∇ µ with D µ in all the expressions above. One then takes the abelian gauge field a µ to be a fixed background one-form with Weyl weight zero. The supersymmetry transformations for the matter supermultiplet coupled to the minimal gauge supermultiplet on R 1,3 are
where is a constant bosonic Majorana spinor. Squaring (36) gives
Up to boundary terms on R 1,3 , the matter
and superpotential The conformal coupling of (36) and (37) on M follows via the improvement terms described in (7) and (5). Relative to their minimal coupling on M , this involves adding a term φ / ∇ − to the right hand side of δ ψ + in (36) and a term − Furthermore, the integral of the conformally coupled matter lagrangian on M is invariant under these supersymmetry transformations.
The integral of the minimally coupled superpotential lagrangian L W on M is, of course, only Weyl-invariant when W is a cubic function. Indeed, it is only then that it is supersymmetric.
If is a twistor spinor with respect to D µ = ∇ µ + ia µ Γ, the same story follows after gauging the R-symmetry and replacing ∇ µ with D µ = ∇ µ + ira µ in all expressions.
The clifford algebra C (1, 5) ∼ = Mat 4 (H) and its action on H 4 defines the Dirac spinor representation. The ±1 eigenspaces of Γ under the action of Mat 4 (H) are isomorphic to H 2 and define the ± chirality Weyl spinor representations. It is convenient to think of H ∼ = C 2 here and represent a quaternionic spinor in terms of complex doublets, which transform under the auxiliary usp(2) action that was described in section 2, relative to a basis {e A } on C ) for any u ∈ C 2 . A second rank symmetric tensor w on C 2 obeying the reality condition (w AB ) * = ε AC ε BD w CD corresponds to the adjoint representation of usp(2).
The identities in (1) imply
where ε 01...5 = 1 and Γ = Γ 0 Γ 1 ...Γ 5 .
for any symplectic Majorana spinor . Thus any two fermionic symplectic Majorana spinors ψ and χ obey χ
(For either ψ or χ bosonic, one just adds an overall minus sign in (41).) We define the contracted bilinear χΓ µ 1 ...
Any two symplectic Majorana-Weyl spinors ψ ± and χ ± (with the same ± chirality) obey the identity χ A ± Γ µ 1 ...µ k ψ B ± = 0 for any even k. For ψ ± and χ ± fermionic, two useful Fierz identities are
(For either ψ ± or χ ± bosonic, (42) Any pair of (anti-)self-dual three-forms X , Y on R 1,5 with the same chirality obey
Furthermore X µρσ Y νρσ = Y µρσ X νρσ and X µνρ Y µνρ = 0 which imply the useful subsidiary identities
A useful corollary which follows using (40) is that / X ψ ± = 0 identically for any symplectic Majorana-Weyl spinor ψ ± and X ∈ 3 ± R 1,5 .
For any non-zero bosonic symplectic Majorana-Weyl spinor with positive chirality, only the bilinears
, where the Dirac current ξ µ = Γ µ is the only non-zero contracted bilinear. Each three-form ζ AB is self-dual since has positive chirality.
The Fierz identity (42) for reads
Each self-dual 3-form ζ AB = * ζ AB obeys identically ξ µ ζ
in terms of a triple of 2-forms
The isotropy algebra h of is isomorphic to su(2) R 4 < so (1, 5) 
in terms of real one-forms a, b and c valued respectively in the R, R 4 and su(2) factors of k , corresponding to the intrinsic torsion associated with the su(2) R in [35] ). However, any such identification must also be compatible with the additional constraints which come from setting to zero the supersymmetry variation of the dilatino in the conformal supergravity background. The simple case of a twistor spinor with respect to D = ∇ + C corresponds to a bosonic conformal supergravity background with no three-form flux. In that case, the additional constraint from the dilatino variation fixes the background value of the dilaton ϕ such that ϕ A is a particular linear combination of G (2)).
The supersymmetry transformations on R 1,5 are
where is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. Squaring (49) gives δ 2 = ξ µ ∂ µ + δ Λ identically with gauge parameter Λ = −ξ µ A µ and therefore the supersymmetry algebra closes off-shell.
Up to boundary terms, the lagrangian (2).
We now consider the minimally coupled version of (49) on a six-dimensional lorentzian spin manifold M . Squaring them gives
If ξ is a Killing vector, off-shell closure of the supersymmetry algebra requires δ
This is tantamount to imposing
They are solved if satisfies
for some self-dual three-form h. Any such is necessarily harmonic (i.e. / ∇ A = 0) following the corollary noted below (44) .
Furthermore, up to boundary terms, the lagrangian
on M is invariant under the minimal coupling of (49) provided h is closed.
Unlike the minimal coupling of Yang-Mills supersymmetry transformations in lower dimensions, notice that the minimal coupling of (49) is not automatically Weyl-covariant. However, the supersymmetry transformations can be conformally coupled by adding an improvement 
so the minimally coupled lagrangian is generically supersymmetric only if ∇ µ = 0.
However, now let
where α is a real one-form and β is a real anti-self-dual three-form. Integrability of this algebraic twistor spinor equation implies α must be closed. (Note that additional terms of the form γ
B on the right hand side of (55) can always be absorbed by a redefinition of α and β using the identity ε
2 dϕ in (55), for some function ϕ, one finds that the lagrangian
is supersymmetric provided d(e −2 ϕ β) = 0. The prefactor e −2 ϕ in (56) plays the rôle of a conformal compensator while β couples to a Chern-Simons term for the gauge field and a mass term for the gaugino. One can use a Weyl transformation to fix ϕ = 0. In this case obeys
with β closed and anti-self-dual. Notice the form of the corrections here (in terms of β) are almost identical to those from (53) and (54) (in terms of h). The fact that h is self-dual whereas β is anti-self-dual is rather significant though since it is only the latter which is compatible with the conformal structure and necessitates the non-vanishing fermionic mass term in (56).
If is an algebraic twistor spinor of the form (55) but with respect to D = ∇ + C, the same story follows after gauging the R-symmetry and replacing ∇ with D in the expressions above. 7.1.1. Supergravity backgrounds. Solutions of (53) with dh = 0 correspond to bosonic supersymmetric backgrounds of minimal Poincaré supergravity in six dimensions. A classification of all such backgrounds which solve the supergravity equations of motion was obtained in [36] and also [37] for the case of maximally supersymmetric solutions.
Symplectic Majorana-Weyl spinors in d = 6 can be thought of locally as vectors in H 2 so there can be no more than two linearly independent quaternionic which solve (53). Whence any bosonic supersymmetric background is either maximally or minimally supersymmetric. We defer to [36] for a description of the minimally supersymmetric solutions.
As shown in [37] , there is a one-to-one correspondence between the maximally supersymmetric backgrounds and isomorphism classes of six-dimensional lie groups equipped with bi-invariant lorentzian metric and self-dual parallelising torsion. This restricts all maximally supersymmetric geometries to be locally isometric to either R 1,5 , AdS 3 × S 3 or a plane wave. Any such solution admits a trivial oxidation to a half-BPS solution within the first class of supergravity vacua in ten dimensions to be discussed in section 8.1.1. The supersymmetry transformations for the matter supermultiplet coupled to the minimal gauge supermultiplet on R 1,5 are
where A is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. Squaring (57) gives δ 2 = ξ µ ∂ µ + δ Λ after imposing fermionic equation of motion / DψȦ + 2 λ B · φ BȦ = 0. Whence, the supersymmetry algebra closes on-shell.
Up to boundary terms, the lagrangian
is invariant under (49) . It is also manifestly invariant under the usp(2) ⊕ usp(2) global symmetry. The conformal coupling of (57) and (58) on M follows via the improvement terms described in (7) and (5). Relative to their minimal coupling on M , this involves adding a term If is a twistor spinor with respect to D = ∇ + C, the same story follows after gauging the R-symmetry and replacing ∇ with D in the expressions above. The supersymmetry transformations on R 1,5 are
where A is a constant bosonic symplectic Majorana-Weyl spinor with positive chirality. The transformations in (59) are scale-covariant;
A has dimension − The conformal coupling of (59) on M follows via the improvement term described in (7) . Relative to the minimal coupling on M , this means adding a term 
A novel minimally supersymmetric coupling of the tensor multiplet to the off-shell Yang-Mills multiplet on R 1,5 was obtained in [38] . The supersymmetry transformations are
where κ is a constant and
. In addition to the abelian tensor gauge symmetry under δ Ω B = dΩ, the field strength H is also invariant under the infinitesimal gauge transformations
with the same abelian Ω and g-valued Λ gauge parameters as above, after imposing the equations of motion If is a twistor spinor with respect to D = ∇ + C, the same story follows after gauging the R-symmetry and replacing ∇ with D in the expressions above.
Note that closure of the conformally coupled supersymmetry transformations for the tensor multiplet is off-shell with respect to the conformally coupled Yang-Mills supermultiplet. As we have already seen, the minimally coupled Yang-Mills lagrangian is not supersymmetric with respect to the conformally coupled transformations. Furthermore, the self-dual projection in the first equation in (61) continues to hamper the construction of a lagrangian for the tensor multiplet. However, let us consider the special case where the supersymmetry parameter is an algebraic twistor spinor obeying ∇ µ A = − 1 8 β µνρ Γ νρ A , with β closed and anti-self-dual. In this case, recall that supersymmetry is restored with lagrangian (56) for the Yang-Mills multiplet (after using a Weyl transformation to fix the conformal compensator). Remarkably, the coefficients of β in this correction term for the Yang-Mills lagrangian are actually proportional to the κ-dependent terms in the first equation (61) for the tensor multiplet! Indeed, by dropping the assumption that β is closed, and thinking of it as a lagrange multipler, one can obtain the first equation in (61) as a constraint by adding the term Rφ to the lagrangian. The equation R = 0 follows as an integrability condition from the algebraic twistor spinor equation when β is closed. To summarise, up to boundary terms, the lagrangian
is invariant under the conformally coupled supersymmetry transformations for the tensor and Yang-Mills multiplets with algebraic twistor spinor parameter obeying ∇ µ A = − 
The equation of motion for φ in (63) actually follows from setting to zero the Weyl variation of the metric in (62). One might have expected terms proportional to
in the lagrangian, to yield the correct equations of motion for χ A and φ. The reason this is not necessary here is that their equations of motion can be generated by taking supersymmetry
. In a supersymmetric field theory, one typically expects to obtain second order bosonic equations of motion by varying first order fermionic ones. The tensor supermultiplet is exceptional in that it contains a first order bosonic field equation that generates them all.
The clifford algebra C (1, 9) ∼ = Mat 32 (R) and its action on R 32 defines the Majorana spinor representation. The ±1 eigenspaces of Γ under the action of Mat 32 (R) are isomorphic to R 16 and define the ± chirality Majorana-Weyl spinor representations.
where ε 01...9 = 1 and Γ = −Γ 0 Γ 1 ...Γ 9 .
..µ k for any Majorana spinor . Thus any two fermionic Majorana spinors ψ and χ obey
(For either ψ or χ bosonic, one just puts an overall minus sign in (67).)
Any two Majorana-Weyl spinors ψ ± and χ ± (with the same ± chirality) obey
for any k even, since P t ± = P ∓ and P ± Γ µ = Γ µ P ∓ . For ψ ± and χ ± fermionic, two useful Fierz identities are
(For either ψ ± or χ ± bosonic, (69) just acquires an extra minus sign.) The bilinear χ ± Γ µνρστ ψ ± defines a five-form that is self-dual if the spinors have positive chirality and anti-self-dual if the spinors have negative chirality.
For a non-zero bosonic Majorana-Weyl spinor with positive chirality, (67) and (68) imply only the bilinears ξ µ = Γ µ and ζ µνρστ = Γ µνρστ built from do not vanish identically. The Fierz identity (69) for reads
The self-dual 5-form ζ = * ζ obeys identically ξ µ ζ µνρστ = 0 implying that
The isotropy algebra h of is isomorphic to so(7) R 8 < so(1,9) and k ∼ = (so(8) / so(7) R 8 ) ⊕ R. Relative to a null orthonormal basis (e + , e − , e a ) on R 1,9 , with η +− = 1 and η ab = δ ab on R 8 ⊂ R 1,9 , let us fix ξ = e + so that Γ + = 0. The orientation tensor on R 8 is ε a 1 ...a 8 with ε 1...8 = −ε +−1...8 = −1.
The components Ω abcd = Γ abcd Γ − define a self-dual so(7)-invariant Cayley form on R 8 and
= 0 for the Cayley form permits the decomposition of so(8) into so(7) ⊕ so(8)/so(7) via the respective projection + Ω ab cd ) and
− Ω ab cd ). Adapting this basis to a local frame on M allows us to express
in terms of real one-forms a, b and c valued respectively in the R, R 8 and so(8)/so(7) factors of k , corresponding to the intrinsic torsion associated with the so (7) From equation (3.34) in [39] , for bosonic supersymmetric backgrounds, setting to zero the full Poincaré plus conformal supersymmetry variations of the gravitino and dilatino in the minimal conformal supergravity multiplet in ten dimensions also yields a twistor spinor equation. This follows after performing a Weyl transformation with parameter ϕ 10/w , in terms of the dilaton ϕ that is defined in [39] with Weyl weight w. The twistor spinor equation from the gravitino variation is with respect to a connection with three-form torsion proportional to ϕ 54/w times the Hodge-dual of the seven-form flux for the six-form gauge field in the conformal supergravity multiplet. This can be identified with the connection D above only when t can be related to components of the three-form torsion. However, even when this can be done, the identification must also be compatible with the additional constraints which come from setting to zero the supersymmetry variation of the dilatino in the conformal supergravity background. The supersymmetry transformations on R 1,9 are
where is a constant bosonic Majorana-Weyl spinor with positive chirality. Squaring (73) gives δ 2 = ξ µ ∂ µ + δ Λ with gauge parameter Λ = −ξ µ A µ , after imposing the fermionic equation of motion / Dλ = 0. Whence, the supersymmetry algebra closes on-shell. Under (73), one finds
is invariant under (73), and gives D ν F µν = 0 and / Dλ = 0 as equations of motion.
We now consider the minimally coupled version of (73) on a ten-dimensional lorentzian spin manifold M . Notice that they are automatically Weyl-covariant on M . Squaring them gives
Determining the general conditions necessary for on-shell closure on M is complicated by the possibility of additional terms modifying the fermion equation of motion. We will therefore not attempt to address this problem systematically. However, we shall obtain an interesting class of solutions by focussing on the following ansatz.
Consider an which obeys the two conditions 
In fact, ξ µ G µ = 0 and (77) are equivalent to the second condition in (76).
Substituting (76) into (75) and using (77) gives
where
Thus on-shell closure of the supersymmetry algebra is established for any obeying (76), with 
Moreover, up to boundary terms, (84) is invariant under the minimal coupling of the supersymmetry transformations in (73). The prefactor e −2Φ acts as an effective gauge coupling in (84). For generic backgrounds with H = 0, notice that supersymmetry necessitates both a mass term for λ and a Chern-Simons coupling for the gauge field. Closure of e −2Φ * H ensures that the Chern-Simons coupling is gauge-invariant.
Before concluding with a brief discussion of supergravity backgrounds and decoupling limits for the on-shell theory above, it is perhaps worth making a few remarks about the novel (partially) off-shell formulation of supersymmetric Yang-Mills theory on R 1,9 that was found by Berkovits in [40] (see also [41, 42] ). To match the 16 off-shell fermionic degrees of freedom of λ, the 9 off-shell degrees of freedom of A µ are supplemented by 7 bosonic auxiliary scalar fields σ i , where i = 1, ..., 7. The supersymmetry parameter is also supplemented by seven linearly independent bosonic Majorana-Weyl spinors ν i , each with the same positive chirality as . The index i corresponds to the vector representation of the so(7) factor in the isotropy algebra of .
The supersymmetry transformations on R 1,9 are
Squaring (85) gives δ 2 ,ν = ξ µ ∂ µ + δ Λ off-shell, via the identities
is invariant under (85). The action of k on and ν i generates a nine-dimensional subspace of the sixteen-dimensional vector space of Majorana-Weyl spinors on R 1,9 . Whence, this formulation is manifestly off-shell with respect to nine of the sixteen linearly independent supercharges in Minkowski space.
On a curved ten-dimensional lorentzian spin manifold M , the minimal coupling of (85) is not automatically Weyl-covariant. However, the supersymmetry transformations can be conformally coupled by adding an improvement term − The integral on M of the minimal coupling of lagrangian (87) is neither Weyl-invariant nor supersymmetric for generic twistor spinors and ν i . Even for the subclass of algebraic twistor spinors, which yielded rigid supersymmetric lagrangian gauge theories in lower dimensions, one finds that there are no generic solutions which can preserve the off-shell rigid supersymmetry in ten dimensions. 8.1.1. Supergravity backgrounds. The data (M , g,G = dΦ, H = dB) solving (76) correspond to bosonic supersymmetric backgrounds of minimal Poincaré supergravity in ten dimensions (with dilaton Φ and 2-form gauge potential B). From this perspective, the first and second equations in (76) correspond respectively to the vanishing of the supersymmetry variations of the gravitino and dilatino. A classification of all such backgrounds which solve the supergravity equations of motion was obtained in [43] [44] [45] (as a subclass of the supersymmetric solutions of heterotic supergravity wherein the gauge sector is set to zero).
Majorana-Weyl spinors in d = 10 can be thought of locally as vectors in R 16 so there can be no more than sixteen linearly independent real which solve (76). For a given background, let N ≤ 16 denote the maximum number of linearly independent positive-chirality MajoranaWeyl spinors solving (76).
Let us now briefly survey of the landscape of N ≥ 8 solutions. As was first proven in [46] , the only N = 16 solution is M = R 1,9 with G = 0 and H = 0. Between 8 < N < 16, there are only the N = 10, 12, 14 'parallelisable' plane wave solutions found in [47] with G = 0. The N = 8 solutions are classified in [48] and fall into three classes. In the first class, M is a lorentzian group manifold corresponding to one of the N = 8 entries in table 4 of [47] . In the second class, M is a principle bundle P(G, X ), equipped with a connection C. The base X is a hyperKähler four-manifold, on which the curvature of C must be anti-self-dual. The fibre group G must have a six-dimensional lorentzian self-dual lie algebra which, via the results of [37] , restricts G to be locally isometric to either R 1,5 , AdS 3 × S 3 or a plane wave. If C is flat, M is locally isometric to either G× X or a generalised five-brane solution with G as its worldvolume and X as its transverse space. In the third class, M takes the form of a superposition of fundamental string and pp-wave solutions together with a null rotation. 8.1.2. Decoupling limit of Chapline-Manton theory. The theory constructed by Chapline and Manton in [49] describes the minimally supersymmetric coupling of Yang-Mills and Poincaré gravity supermultiplets in ten dimensions. This provides a local on-shell representation of the supersymmetry algebra. We will now conclude with a brief explanation how rigid supersymmetric Yang-Mills theory on a supergravity background of the kind described above can be recovered from a particular decoupling limit of the Chapline-Manton theory.
In the notation of [49] (with appended "CM" subscripts) we first set the gravitino ψ CM and dilatino λ CM equal to zero. Now define Φ := to the gravitational and Yang-Mills coupling constants that we find it convenient to append to their expressions. To recover a supersymmetric background for the supergravity fields, the supersymmetry variations of ψ CM and λ CM must also be set to zero. However, this can only be done whilst keeping the fields the Yang-Mills supermultiplet dynamical in the κ/g YM → 0 limit. This is tantamount to taking the Planck mass to infinity whereupon the gravitational dynamics become decoupled. In this limit, one recovers precisely (76) and (73) from the supersymmetry transformations in equation (11) of [49] . The lagrangian (84) corresponds to the κ-independent contribution to (10) in [49] that is subleading in the κ/g YM → 0 limit. 
